AAEC 6311: Production - Homework 2 Wei Don Lim

1

1.a

y =10+ 3x; — 1.5x% + 5xp — 223 + 2x1 %,
y1 =3 —3x1 +2x
Y12 =2

Since y1p = 2 > 0, x; and x; are complementary

1.b
y1 =3 —3x1 +2x (1)
yi(txy, xp) =3 —3tx1 +2x; 2
yl(txl, Xz) =3+2x; — 3tx; 3)
y1 =3 —3x1 +2x (1)
tyl (X],Xz) = t(3 - 3X1 + ZX2) (2)
tn (xl, XZ) = f(3 + ZXZ) — 3tx; 3)

Therefore, since y (tx1, x2) < ty1(x1,x2), the production function y = 10 + 3x1 — 1.5x7 + 5x; — 2x3 +
2x1x2 has decreasing returns to scale and the government should decrease the funding for public re-
search. However, we can find the optimal returns of investment through the first order condition as
such:

y1 =3—-3x1+2x =0 @)
34 2xp
= 2
X1 3 ( )
Therefore, optimal returns of investment for marginal productivity depends on the amount of invest-
3+2x

for

the optimal amount of marginal productivity. This means that the amount of government investment
into public research would depend on the amount of research investment from the industry in x;.

ment in xp. The government may choose to fund public research up until the point of x; =

2

2.a

Y(ta, tro) = —1.5(tx1)? — 2(tx)% + 2(tx1 ) (£x2) 1)
= 2(—1.5x% 4+ 2x7 + 2x1x7) )

Since k = 2 > 1, this function has increasing returns

2.b
y(txlr txz) = 5(tx1)0~2(tx2)0.2 (1)

Since k = 0.2 < 1, this function has decreasing returns

2.c

y(txlrtXZ) = 5(tx1)0'2(tx2)1.2 (1)
— {14502,12 @

Since k = 1.4 > 1, this function has increasing returns
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2.d

y = 5(tx)? (txp)*® (1)
= t5x92x98 )

Since k = 1, this function has constant returns

3
3.a
y =5x"° )
Iny = In(5x93x9) )
=In5+Inx; 3 4 Inxd® (3)
—In5+03Inx +06Inx, )

Therefore, Eyx;, = 0.3 and E; », = 0.6

3.b
RTS = % )
~5(0.3)x;%7x30 @
~5(0.6)x93x; 04
1x
=3 ©)

Therefore, the RTS of capital for labor is 0.5, or two units of capital for one unit of labor

3.c

As we found in part 3(c), since the RTS of capital for labor is 0.5, if we reduce capital by one unit from
10 to 9, we must increase labor by two units from 10 to 12 in order to maintain the same level of output.
Of course, we can check our work if we plug in 10 units of capital and 10 units of labor into our original
production function, decrease capital to 9, and then find the labor necessary for the original production
function and the decreased capital to be the same:

y(x1,x7) = 529329 (1)
y(10,10) = 5(10)%%(10)*° @)
¥(10,10) = 5(10%) (3)
y(9,x2) = 5(9)*%x3° (1)
ettin , an , X2 ) equal to each other and solving tor x;, we get:
Setting (10, 10 dy(9 qual h oth d solving f g

5(10%%) = 5(9)*2x3° )
1009 — 90.3x8.6 ?)
109/10 _ 93/10xg/5 (3)

109/10
Xy = ( 93/10 )5/3 (4)

10%/2

~ 912 ®)
xp, = 10.5 (6)

Therefore, labor should increase by % if capital decreases by 1.

August 26, 2021 Page 2



AAEC 6311: Production - Homework 2 Wei Don Lim

3.d
Given that y = 5, we can find the optimal values of x; and x; given this output of 5:
5 = 5x93x9° 1)
2x1 = x )

Substituting this back into our production, we can get our least cost capital and labor quantities:

5 = 5x73x)* )
1=x03(2x)6 @
1=206x? ®)
1= 23/5x{/10 4)
11 = (575)"° ©
=223 6)

xf = 0.63 @)
x5 =2 %063 =126 ®)
©)

X2

1.26

Iso-cost
0.63
X1
4
4.a
Given:
K = 10y(2) (1)
_ T o7
L = 5y( w) ()

We can find the wage and rental rate elasticity of capital and labor by taking the natural log as such:

InK = 1n(10y(%)0~3) 1)
=In104+Iny+03Inw—03Inr )
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InL = ln(5y(%)0'7) (1)
=In5+Iny+07Inr —0.7Inw )

%AK %AL
i know that Ex,, = 03 = —— and Ej , = —0.7 = ——
Since we now know that Eg 3 %A and Ej 4 YA

percentage change of wage on capital and labor:

, we can find the effect of the

%AK
Exw=03=_—"— 1
Kw 0.3 %Aw ( )
%AK
03 = =" 2
%AK = —6% 3)
%AL
ELw=07=5- @M
%AL
—07 = —- 2)
%AL = 14% 3)
4.b
%AK
EK,V — —03 - m (1)
%AK
—03=—" 2)
%AK = 3% 3)
%AL
ELy=07=o @
%AL
7=
0 —10% @
%AL = —7% 3)
4.c

Since the wage and rental rate has risen the same percentage, the ratio between wage and rental rate
remains the same, and we would expect the firm to stay with the same level of capital and labor inputs.
If we plug in 30% into our equations from 4(a) and 4(b) we would get 21% — 21% for capital and 9% — 9%

for labor, which results in no change for either capital and labor inputs.

5
5.a
C w
ln; = 3.6+0.81ny+0.51n§ (1)
InC—Inp=36+08Iny+04Inw—04Inp (2)
Inc=3.6+08Iny+04lnw+0.6Inp 3)
eln¢ — p3.6+08Iny+04Inw+0.6Inp @)
C = 36,08 Iny,04Inw,0.6Inp (5)
C = 360870406 6)
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The generalized total cost function for a Cobb-Douglas is given as:
Clorw,y) = By /*sFo e bu/ess

Since we know the returns to scale on a Cobb-Douglas is determined if « + f3 is greater to, equal to, or
less than one, we can use our previously found cost function to find the returns to scale:

1
oc—i-ﬁ:O'S (1)
1
atp=i3 2
x+p=125>1 (©)]

Since « + B = 1.25 > 1, this function has increasing returns

5.b
For labor
oC
DL = % (1)
_ 63‘6(0_4)y0.8w70.6p0.6 ©)
_ 63.6(0.4)(3)0.6]/0‘8 3)
w
For fuel
oC
DF = % (1)
_ 63.6(0.6)y0.8w0.4p70.4 @)
w
= 9(06)(5)y°? ()
5.c

Since now we know D = ¢3¢(0.6) (%)0‘4]/0'8, we can find the elasticity of fuel with respect to fuel price:

InDr =1In 63'6(0.6)(%)0'4]/0'8 (1)
InDf = Ine*® +In0.6 4 04Inw —04Inp +0.8Iny 2)
Therefore,
%AF
EF,p — _04 — m (1)
%AF
—-04 = 0% 2)
%AF = 4% 3)

We see that a 10% decrease in fuel price results in a 4% increase in the demand for fuel.
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